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Abstract- This paper focuses on the limit stress conditions of metal matrix composites reinforced
with weakly-bonded continuous fibers subject to general biaxial tensile loading normal to the fiber
direction. The study is performed using unit cell models, with the fibers being treated as either
perfectly rigid or perfectly compliant. The cells are first analyzed using finite element methods
(FEM) and the results used to construct yield surfaces in stress space. A simpler analytical model
based on net-section yielding is also developed and the results compared with the ones obtained by
FEM. Though the latter approach provides a reasonable first order estimate of the limited stress, it
generally underestimates the values obtained from the FEM calculations: a result of stress gradients
acting along the failure plane. The effects of stress gradients are incorporated into the net-section
yielding model through an analytical solution based upon the slip line field around a circular hole.
This approach yields analytical predictions which are generally in very good agreement with the
FEM results. C(': 1998 Elsevier Science Ltd. All rights reserved.

l. INTRODUCTION

The plastic flow and creep properties ofcontinuous fiber-reinforced metal matrix composites
(MMCs) exhibit varying degrees of anisotropy, depending on the properties of the con
stituents (matrix, fibers and interfaces) and the fiber architecture. In unidirectionally
reinforced materials, the properties measured along the axis of the fibers are usually
dominated by the fibers and are superior to those of the matrix alloy alone (Jansson et al.,
1991; Weber, et al., 1994). In contrast, under transverse or shear loading, the properties
are matrix-dominated. Even in the best of circumstances, wherein the fibers are well-bonded
to the matrix, the contributions from the fibers are relatively small except at very high fiber
volume fractions (:?: 50%). This type of behavior is exemplified by the AllAI20 J and AI/B
systems (Jansson and Leckie, 1992). In systems comprised of SiC fibers in Ti alloys, the
interfaces between the fibers and matrix are weak because of the presence ofC coatings. In
these systems, the transverse and shear properties fall below those of the matrix alone
(Jansson et al., 1991; Jansson and Leckie, 1994; Weber et al., 1995). Typically, the ratio
of axial to transverse tensile strengths in Ti/SiC composites at ambient temperature is
~ 4. At elevated temperatures, the matrix strength decreases, causing an increase in the
anisotropy of the composite strength (Weber et al., 1995). The strength anisotropy has
important implications regarding the design of structural components using MM Cs, par
ticularly under conditions of multiaxial stress. Indeed, the anisotropy represents one of the
most severe drawbacks associated with this class of composite and may limit the use of
MMCs in structural applications.

The transverse flow and creep properties of well-bonded fiber-reinforced MMCs under
uniaxial loading have been studied by numerous investigators through calculations based
on finite element methods (FEM) (Teply and Dvorak, 1988; Brockenbrough and Suresh,
1990; Brockenbrough et al., 199 J ; Nakamura and Suresh, 1993; Zahl et al., J994; Du and
McMeeking, 1994). A relatively comprehensive series of numerical results is documented
in Zahl et af. (1994). One of the key results emanating from these studies is that, at
sufficiently large strains, the ratio of the composite flow stress, oAt.), to that of the matrix,
O'JJl(t.), reaches a constant (steady-state) value, dependent only of the fiber volume fraction,

* Now at Hibbitt. Karlsson and Sorensen. Inc.. 1080 Main St., Pawtucket, RI 02860, U.S.A.

2821



2822 Z.-Z. Du and F. W. Zok

f, and the hardening characteristics of the matrix. The transient response preceding this
steady-state persists for strains that are typically in the range of ~ (l~5)£0, with £0 being the
yield strain of the matrix. For modest valu~s of/«0.35), the steady state strength ratio is
given approximately by (Jc(£)/(Jm(£) ~ 2/)3 ~ 1.15; the main role of the fibers is to con
strain the matrix from contracting along the fiber direction, leading to conditions of plane
strain. Substantial elevations in strength are only obtained for high fiber volume fractions
(f> 0.5).

The influence of thermal residual stress on the transverse tensile response of well
bonded systems has been examined also (Nakamura and Suresh, 1993, Bohm and Ram
merstorfer, 1991). A general result is that the steady-state strength ratio, O"c(£)/(Jm(;;), is
independent of the thermal stress; the thermal stress only influences the transient response.
The magnitude of the transient effect depends on the thermal misfit strain and the flow and
hardening characteristics of the matrix.

Limited numerical studies have been conducted for materials with weak interfaces,
subject to uniaxial tensile loading transverse to the fibers (Nimmer et al., 1991; Gun
awardena et al., 1993). In these cases, the composite strength is less than the yield strength
of the matrix alone. The effects of thermal residual stress and frictional sliding along the
fiber/matrix interfaces have been considered also. In cases where the matrix thermal expan
sion coefficient, IXm, exceeds that of the fibers,exr (a characteristic of most MMCs), the
interface experiences a residual normal compression following cooling from the processing
temperature. Consequently, the remote stress required to separate the interface is higher
than that in a residual stress-free composite. Comparisons of the FEM calculations with
experimental data on a Ti/SiC composite indicate that the condition for interface separation
is one in which the local normal stress across the interface becomes positive (Gunawardena
et al., 1993). This results suggests that the interfaces have essentially zero normal strength
and the fibers are held in place by the residual compression stress acting across the interface.
Clearly the residual stress alters the initial transient part of the stress~strain response, but,
as in the case of well-bonded systems, the steady-state plastic response is unaffected.
Frictional sliding at the interface appears to play only a minor role in the flow response.
FEM calculations have been conducted using a Coulomb friction law to characterize the
sliding resistance of the interface and indicate that the flow response of the composite
remains essentially unchanged for friction coefficients in the range, J1 = 0 to I (Gun
awardena et al., 1993).

The models of the flow response of continuous fiber composites have been limited to
uniaxial loading. In practice, however, these materials are expected to be subjected locally
to multiaxial stress states, even in components that are nominally loaded principally in just
one direction. The multiaxiality arises because of stress concentrations, such as those present
at regions where the components are joined to monolithic alloys. To motivate the current
work, one specific example is cited. Ti/SiC composites are being considered for use in
actuator piston rods for aircraft engines. The rods are comprised essentially of a hollow
thin-walled tube ofunidirectionally reinforced Ti/SiC. The tubes are clad on both the inside
and the outside with layers of monolithic Ti, and the ends of the tubes are attached to
monolithic Ti end fittings of rather complex shape. Though the loads are applied principally
along the tube axis, there is some degree of bending, which causes tensile hoop and radial
stresses near the ends of the tube (Du, et al., 1996). An understanding of the effect of this
triaxiality on the flow and fracture response of Ti/SiC composites is needed in order to
produce reliable designs.

The current work represents an initial attempt at developing models and solutions for
plastic failure of weakly-bonded fiber reinforced MMCs subject to multiaxial stress states.
In this paper, the scope is restricted to biaxial tensile loading transverse to the fiber direction
in unidirectional materials. Fully multiaxial (3D) conditions have yet to be addressed. The
emphasis is on the plastic limit stress conditions; no consideration is given to other failure
modes. As such, the predicted failure stresses are expected to be upper bounds to the stresses
that composites may support in actual components. The effects of the fiber volume fraction,
the spatial arrangement of the fibers, and the direction of loading in relation to the fiber
arrangement are considered. The results are based on both FEM and analytical calculations.
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The results are used to construct the yield surfaces using stress parameters that characterize
the mean and deviatoric components of the stress state.

2. CELL MODELS AND CONSTITUENT PROPERTIES

The flow properties of the composites are examined through the analysis of unit cell
models. For this purpose, the fibers are assumed to be distributed on a periodic array and
the loading directions, relative to the directions characterizing the symmetry of the array.
are prescribed. The periodic idealization is a good representation of most Ti/SiC composites
wherein the fibers are distributed uniformly through the matrix; it may be a less accurate
representation of composites produced by melt infiltration because of the more random
fiber distribution.

The present study focuses on unit cells derived from the hexagonal and square fiber
arrangements. Two typical unit cells and finite element grids for a fiber volume fraction,
f = 0.35, are shown in Fig. I. Similar cells were constructed for fiber volume fractions of
f = 0.25 and 0.50. This range of volume fractions brackets the range found in all Ti/SiC
composites of commercial interest. Uniaxial tension was simulated by imposing uniform
tensile displacements on one pair of cell faces and calculating the corresponding average
surface traction, either (Ju or (J,y' The faces normal to the applied stress were required to
remain planar in order to maintain compatibility with adjacent cells. Moreover, plane strain
conditions were imposed in the z-direction (along the fiber axis). For the square array,
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Fig. I. Typical finite element grids for cells with a fiber volume fraction, f = 0.35: (a) square
arrangement, (b) hexagonal arrangement. In (a), the load is applied parallel to the close-packed
direction (either the x- or y-directions). In (b), the load is applied either parallel (y) or perpendicular
(x) to the close packed direction. (c) and (d) show cell dimensions and the potential planes along

which plastic failure can occur.



Fig. 2. Stress-strain curves for composites with (a) a hexagonal array of fibers loaded normal to the
CPD, (b) a hexagonal array of fibers loaded parallel to the CPD and (c) a square fiber array. The
solid lines represent the results for perfectly rigid fibers and the dashed lines are for perfectly

compliant fibers.

tensile loading on either pair of cell faces yields identical results because of the symmetry
of the cell. In contrast, for the hexagonal array, the two loading configurations yield
different results since the axes that characterize the symmetry of the cell do not coincide
with the principal loading axes. The two loading configurations are subsequently dis
tinguished from one another by the directions of loading in relation to the closed-packed
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direction (CPD) of the fibers; in Fig. 1(b), loading along the x-axis is normal to the CPD
whereas loading along the y-axis is parallel to the CPD.

Biaxial loading was simulated by prescribing the boundary displacements on the two
orthogonal directions to be proportional to one another and subsequently calculating the
limiting values of the two stress components, (In and (J,r' The ratio of displacements was
varied in order to obtain a range of stress ratios, an/(J".

Most of the calculations were based on the assumption that the matrix is elastic,
perfectly-plastic, with Young's modulus, Em, Poisson's ratio, v, and yield stress, (Jo and yield
strain, eo = (Jo/Em. In some cases, the matrix response was assumed to follow the Ramberg
Osgood flow law. For uniaxial tensile loading, this law is given by

(I)

where (J and e are the axial stress and strain, respectively; (I. is a numerical coefficient, taken
to be 3/7; n is the hardening exponent; (Jo is a reference stress and eo is the corresponding
reference strain. Equation (l) was generalized to multiaxial stress states using small strain
12 flow theory. For deformations much greater than the elastic ones, the stresses and strains
at a material point increase in proportion to each other under proportional loading and
the resulting solution is equivalent to that for 12 deformation theory. The resulting strain
field is then the same as the strain rate field for a creeping material with a power-law creep
exponent of n. This equivalence implies that the solutions obtained for power-hardening
are also applicable to power-law creep (Odqvist, 1966).

The fibers are treated in one of two ways: either perfectly rigid (with a Young's
modulus, Ef = (8) or perfectly compliant (Ef = 0). The latter assumption is equivalent to
treating the fibers as holes. For cases where the fibers are rigid, the interface is assumed to
have zero normal tensile strength.

In the light of the introductory comments regarding the absence of any effects of
thermal stress on the limit stress conditions, the thermal stresses are not incorporated into
the analysis. Despite this simplification, the present results for the transient response are
expected to be applicable at high temperatures and low stresses, wherein the thermal
stresses have adequate opportunity to relax through matrix creep. In contrast, the predicted
transient at low temperatures may be subject to some uncertainty, depending on the
magnitude of the thermal misfit strain.

Finite element calculations were performed using a commercial code, ABAQUS (1994),
on a Convex mainframe. The matrix was discretized using isoparametric second-order
hybrid elements with reduced integration in order to avoid problems of mesh-locking
associated with incompressible deformation. For the cases where the fibers were perfectly
rigid, interface elements were introduced to simulate the contact between the matrix and
the fibers.

The cells were also analyzed using an analytical approach based on net-section yielding.
For this purpose, the potential planes along which yielding can occur were first identified
from the FEM results. Figures I(c) and (d) show schematics of the approximate locations
of these planes within the unit cells. For the hexagonal array, three such planes exist,
denoted by A, Band C. Analogous planes exist for the square array, denoted D, E and F,
though only two of them are unique (D and E). The average normal and shear stresses
acting on each of these planes were then calculated in terms of the applied stresses assuming
that the stresses are distributed uniformly along these planes. Finally, the local stresses
were combined with the Mises yield criterion for plane strain conditions in order to obtain
the limiting values of the remote stress components. This approach generally leads to
conservative estimates of the limit stress; stress gradients along the expected failure planes
cause an elevation in the limit stress. This elevation, in turn, can trigger plastic failure along
other planes.

The effects of the stress gradients have been incorporated explicitly into the net-section
yielding model using the slip-line solution for yielding ahead of a circular notch. The same
result is obtained by considering the expansion of a thick-walled circular cylinder subject
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to uniform biaxial tension. It will be demonstrated that the results predicted by the modified
version of this model are generally in excellent agreement with the FEM results. This
approach is described in further detail in Sections 3 and 4.

3. FEM RESULTS

3.1. Uniaxial tension
Figure 2(a) shows the transverse stress-strain curves for composites with three different

fiber volume fractions in a hexagonal array, with the load applied parallel to the CPO. The
solid and dashed lines are the results obtained for composites with rigid and perfectly
compliant fibers, respectively. The corresponding results for the hexagonal array loaded
normal to the CPO and the square array are given in Figs 2(b) and (c), respectively. For
the hexagonal arrays, the limiting strength values are only slightly higher for composites
containing rigid fibers than for those containing perfectly compliant fibers (by"" 2-14%),
whereas for the square arrangements they are essentially independent of the fiber modulus.

A summary of the uniaxial limit strengths is presented in Fig. 3. The results indicate
that the strengths decrease approximately linearly with increasing fiber volume fraction
and reach values of - (0.2~.3) at a volume fraction,f = 0.5. For the hexagonal arrays, the
limit strengths are higher when the load is applied normal to the CPO than when it is
applied parallel to the CPO. This trend is contrary to the one observed for composites with
strongly bonded interfaces, wherein the transverse strength is found to be nearly inde
pendent of the loading direction (Zahl et al., 1994).
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Fig. 3. Trends in the uniaxial limit stress with the fiber volume fraction for both hexagonal and

square fiber arrangements. where the fibers are (a) rigid, or (b) perfectly compliant.



Limit stress conditions for weakly bonded fiber composites 2827

To gain further insight into the effects of the fiber modulus and the fiber arrangement
on the flow response of the composite, the evolution ofmatrix plasticity within the composite
has been calculated also. Figure 4(a) illustrates this behavior in a composite with rigid
fibers in a hexagonal arrangement loaded normal to the CPD and a fiber volume fraction
of 0.35. Figure 4(b) shows the corresponding results for a composite with perfectly com
pliant fibers. In both cases, plasticity initiates in the equatorial regions around the fibers.
As the applied strain is increased, the plastic zone initially spreads in both the radial and
hoop directions around the fibers. For the composite with perfectly compliant fibers, the
plasticity subsequently spreads along the ligament joining nearest-neighbor fibers, at an
angle of ~ 30° to the loading direction. Once this ligament is completely yielded, the limit
stress is attained. In the composite with rigid fibers, the plasticity initially spreads in a
similar manner. However, the additional constraint associated with the fiber causes the
plasticity to spread also in the direction normal to the loading axis, ultimately forming two
plastic ligaments: one at 30" and the other at 90" to the loading axis. The same trends in
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Fig. 4. Evolution of matrix plasticity (indicated by shaded regions) with applied strain, for (a), (b)
hexagonal arrays loaded normal to the CPD, (c) hexagonal array loaded parallel to the CPD. and

(d) square array. In all cases, the fiber volume fraction is 0.35.
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the evolution of the plasticity were obtained for the other fiber volume fractions,.r = 0.25
and 0.5. For the composites loaded parallel to the CPD, similar trends were again observed,
with the exception that the plasticity remains confined to the ligaments between nearest
neighbor fibers, at 60" to the loading direction (Fig. 4(c» ; it does not spread extensively
along the plane normal to the loading direction.

Typical results for the square fiber arrangements are shown in Fig. 4(d). The plasticity
again initiates in the equatorial regions around the fibers. For the high volume fractions,
.r= 0.35 and 0.5, it subsequently spreads normal to the loading direction, forming a plastic
ligament between adjacent fibers. Essentially identical behavior is obtained for both rigid
and perfectly compliant fibers, in accord with the strong similarities in the limit stress
presented in Fig. 2(c). For the lowest volume fraction, .r= 0.25, the plasticity initially
spreads along the normal plane in a similar fashion. However, as the tip of this plastic zone
approaches the cell boundary, a plastic zone develops and spreads along the cell diagonal
(at ~ 45" to the loading direction). Plastic failure ultimately occurs along this inclined
plane.

In a subsequent section, an analytical model of net-section yielding is developed, based
upon the assumption that the stresses are uniformly distributed along the potential failure
planes. To assess the validity of this assumption, the distributions in stress have been
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Fig. 5. Distributions of (a) transverse and (b) longitudinal stresses along the failure plane (x = 0).

and (c) transverse stress along the cell boundaries (y = W').

calculated using FEM. Some representative results for the square fiber array with Ef = 00

are shown in Fig. 5. For the two highest volume fractions, f = 0.35 and 0.5, the matrix
separates from the fibers along the equatorial plane (x = 0) and, consequently, the trans
verse stress, (Jyl' in the matrix at this)'oint is zero and the longitudinal stress is equivalent
to the plane strain flow stress, (2/.J3)(Jo. However, at positions away from the interface
along the plane x = 0, the transverse stress is tensile, increasing approximately linearly with
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position, yjR. In order for the effective stress to remain at the flow stress, the corresponding
longitudinal stress aX.\ along this plane follows a similar increasing trend with yjR. Similar
results are obtained for both f = 0.35 and 0.5. For f = 0.25, the interface along the equa
torial plane remains intact at the limit stress. At this point, the transverse stress in the
matrix is compressive ( '" - 0.15ao) and thus the longitudinal stress is below the plane strain
flow stress: '" (2fi - O. I5)ao ~ ao. However, both an and aIr increase with the distance,
yjR, in essentially the same way as they do for the higher volume fractions. One notable
exception is the slight decay in au and aI, at positions close to the cell boundary (y jR ~ 1.8).
This decay is associated with the smal1 elastic region along this plane. As noted earlier,
plastic failure ultimately occurs along an inclined plane, at ~45" to the loading direction,
not along the x = 0 plane.

The separation of the interfaces at the two highest fiber volume fractions and the stress
gradients along the x = 0 plane are associated with the imposed boundary conditions along
the cell edges, y = W. Had this boundary been allowed to remain traction-free, the matrix
would have contracted laterally near the equatorial plane due to the yielding. The imposed
condition that the cell boundary remain planar results in the development of transverse
tensile stresses near the equatorial plane. However, since the average normal traction on
this boundary must be zero, balancing compressive stresses are developed at other points
on the boundary. Examples of these stress distributions for the square fiber arrays are
shown on Fig. 5(c). It is of interest to note that the peak values of the transverse tension
are comparable to the corresponding values of the longitudinal limit stress, indicating a
rather high degree of stress triaxiality.

For the hexagonal fiber arrays, the stress distributions are somewhat different. When
the load is parallel to the CPD, the stresses remain relatively uniform along the failure
plane (at ~ 60" to the loading direction). This behavior is shown by the contour maps of
an and ax, in Fig. 6. The results obtained for the hexagonal array loaded normal to the
CPD were similar to those for the square array with the lowest fiber volume fraction.
Notably, stress gradients were present along the yielded portion of the normal plane (A),
though failure ultimately occurred on the inclined plane (B). The stresses along the failure
plane were relatively uniform, as for the case where the load is applied parallel to the CPD.

Limited numerical studies have also been conducted for composites with a strain
hardening matrix. Figure 7(a) shows the effects of the hardening exponent, n, on the stress
strain curves for composites with rigid fibers in a hexagonal arrangement loaded normal to
the CPD. In this case, the flow stress of the composite, ac(£), is normalized by the flow
stress of the matrix alone, am(D), at the same applied strain. The strength ratio, aJ£)jam(B),
asymptotically approaches a constant value at strains of the order £/Bo ~ 20-50. The asymp
totic values of the strength ratio are plotted against the hardening exponent in Fig. 7(b)
for composites with three different fiber volume fractions. Evidently the asymptotic stress
ratio is very insensitive to n when the fibers are perfectly compliant and essentially inde
pendent ofn when the fibers are rigid. Moreover, the differences between perfectly compliant
and rigid fIbers decrease with increasing n; for n ~ 0.2, the two limit stress ratios are within
~ 2-3% of one another.

The trends in the limiting strength ratio with the hardening exponent differ from the
results obtained for wel1-bonded fiber and particulate composites. In the well-bonded
systems, the limiting strength ratio increases substantially with n; for example, in the case
of spherical particulate reinforcements, it increases from 1.28 to 1.67 as n is increased from
oto 0.2 (Brockenbrough and Zok, 1995). Similar increases are obtained in the well-bonded
fiber-reinforced systems (Zahl et 01., 1994). Moreover, the magnitude of the strains required
to obtain the limiting strength are very much higher in the composites with weakly bonded
interfaces. Typically, in the well-bonded systems, the asymptotic level is reached within *0
~ 2-5 (depending onfand n) : about an order of magnitude smaller than the values obtained
for the weakly-bonded systems.

3.2. Biaxial tension
A series of FEM calculations were performed for biaxial loading of the square and

hexagonal fiber arrays with f = 0.35. The limiting values of the two stress components are
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Fig. 6. Contour maps showing distributions in the longitudinal and shear stresses, an and a.n for a
hexagonal fiber array loaded parallel to the CPD. Note the uniformity in these stresses across the

ligament joining the two fibers.

plotted in Fig. 8. Also shown for comparison is the yield surface for a monolithic metal
under plane strain loading conditions, given by

2}3
(J"n - (J"lr = ± -3- (J" 0 (2)

For the square array, the composite yield surface is symmetric about the line (J"xx = (J"YI

because of the symmetry of the cell. In the regime (J"xx, (J"yy > 0, yielding occurs when either
(J"xx or (J"YI reaches a critical value, '" 0.46(J"o, independent of the other stress component. As
the stresses become negative, the shape of the yield surface changes. In the limit wherein
both Un and all' are «0, the yield surface approaches that of the monolithic metal [given
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Fig. 8. Limit stresses for biaxial loading of both square and hexagonal fiber arrays.
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Fig. 9. Stress distributions along failure plane (x = 0) for uniform biaxial tensile loading of a square
fiber array with.f = 0.35. Also shown for comparison are the predictions based on the uniform

expansion of a cylinder [eqns (17) and (18) l.

byeqn (2)]. In this limit, similar results would be expected for well-bonded fiber composites.
Yield surfaces with similar shapes have been developed for the compaction of an array of
plastic cylinders, though the stresses are compressive and the cell geometry is different
(Akisanya and Cocks, 1995).

The yield surface for the hexagonal array exhibits several slightly different features. (i)
It is not symmetric about au = an' (ii) The composite is somewhat stronger in the x
direction (normal to the CPD) than in the y-direction. (iii) There is only a small portion of
the yield surface that does not depend on both stress components (top right corner of Fig.
8).

Figure 9 shows the stress distribution along the failure plane in the square array for
uniform biaxial tensile loading. Evidently the distributions are almost identical to those
obtained for uniaxial loading (compare with Figs 5(a) and (b». These similarities can be
rationalized in terms of the transverse stresses that develop under uniaxial loading, as
described previously. These similarities are manifested in the insensitivity of the limiting
values of one of the applied stresses, (J", to the other, ary , as seen in Fig. 8.

4. NET-SECTION YIELDING MODEL

4.1. Uniaxial tension
The FEM calculations show that the limit stresses are insensitive to the modulus of

the fibers. For fiber volume fractions typical of most Ti/SiC composites, f"" 0.35, the
difference in strengths between the rigid fibers and the perfectly compliant ones is negligible
for the square fiber array and only - 6-7% for the hexagonal arrays. The results indicate
that the composite behaves essentially the same as a matrix containing an array of holes.
This result, in turn, suggests that the limit stress may be calculated on the basis of net
section yielding, neglecting the contributions from the fibers. Such an approach is developed
here.

The situation in which the fibers are in a hexagonal array and loaded normal to the
CPD is considered first (Fig. 1(c». From the geometry, the cell height, H, and the cell
width, L, are related to the fiber volume fraction, f, and the fiber radius, R, through the
relations

H =Jfi~
2R 8 f (3)

and
•
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(4)

In this configuration, plasticity tends to develop along one of two planes: the first at '" 30"
to the loading direction (B in Fig. l(c)), and the other along the equatorial plane normal
to the loading direction (A). The limit strength of the composite is then expected to be the
lower of the stress levels required to cause yielding along these two planes. In calculating
the critical stress levels, it is assumed initially that the stresses are distributed uniformly
along each of the two planes, with no stress or strain concentrations arising from the holes.

Across plane B, both a normal tensile stress, aB, and a shear stress, 0B, are present. The
relations between these stresses and the applied stress, a~, are obtained from equilibrium
considerations. The relations are

and

°B = cos(n/6) = J3
aB cos(n/3)

(5)

(6)

Under plane strain conditions, the effective (Mises) stress, i1B, corresponding to these two
stresses is [10] :

(7)

Yielding occurs when i1B = ao. Combining eqns (5)~(7) with the yield criterion gives the
limiting value of the remote stress, (/,x :

Plane A is subjected only to a tensile stress, aA, given by

'!..:4.- = [I - (2;;lrJ-Ia" 0-n

The effective stress on this plane is

-J3aA = TaA

Combining eqns (9) and (10) with the yield criterion gives the limiting stress as:

(8)

(9)

(10)

(11 )

Comparison of eqns (8) and (11) shows that the limit stress predicted by eqn (II) is always
the lower of the two; the ratio of the stresses is 4/JT3 :::::: 1.11.

The same approach is used to evaluate the limit stresses for hexagonal fiber arrays
loaded parallel to the CPO (along the y-direction). The two potential failure planes are B
and C. The limit stresses for yielding along these two planes are



Limit stress conditions for weakly bonded fiber composites

O-;,y = 8j7 [I - J2J3LJ (Plane B)
~ 21 n

and

~2: = 2J3 [I -J2J3 LJ (Plane C)
ao 3 3 n

The value predicted by eqn (12) is always the lower of the two,
For the square fiber array, the cell dimension, W, is related to R andfthrough

The limit stresses are

a", a:, 4)15 [ J¥'fJ-- =~' = ----- 1- ~ (Plane E)
ao ao 15 n

and

a'u a~y 2J3 [ fnJ~ =~ = ---- 1-2 - (Planes D and F)
ao ao 3 n

2835

(12)

(13)

(14)

(15)

(16)

where sections D, E and F are indicated on Fig. I (d). Equation (16) predicts the lower of
the two limit stress for all values off

The limit stresses predicted by eqns (8), (II )-(13), (15) and (16) are plotted as a
function of fiber volume fraction in Fig. 10. (These predictions are labeled as "Simple Net
Section Model" to distinguish them from the modified version which is described below.)
For comparison, the results obtained from the FEM calculations are also shown.

For the hexagonal array loaded parallel to the CPD (Fig. 10(a)), the net-section
prediction is in excellent agreement with the FEM results: the differences being < 2% for
bothf = 0.25 and 0.35 and ~ 9% for f = 0.5. The net-section model also correctly predicts
that plastic failure should occur along the inclined plane, B. These correlations are consistent
with the uniformity in the stresses across this plane, shown in Fig. 6.

For the hexagonal array loaded normal to the CPD (Fig. IO(b)), the net-section model
predicts failure along plane A; in contrast, the FEM results indicate that it occurs along
plane B at a somewhat higher stress. This discrepancy appears to be associated with the
stress gradients along plane A, leading both to an elevation in the flow stress and a transition
in the failure plane from A to B. Indeed, the net-section predictions for plane B are in very
good agreement with the FEM results. (The effects of the stress gradients on the limit stress
for plane A are presented later.)

For the square array, the net-section model predicts failure along the normal planes,
D or F, depending on whether the load is applied in the x- or y-directions. The FEM results
indicate that, for f = 0.35 and 0.5, failure does indeed occur along these planes, though at
stress levels that are higher than the net-section predictions. The FEM results also indicate,
that for f = 0.25, failure occurs along the inclined plane, E, rather than D or F. The net
section prediction for plane E at this volume fraction is in good agreement with the FEM
result.

The stress gradients acting along the planes normal to the loading direction have
previously been analyzed for the case of a rectangular bar containing a circular hole of
radius, R, subject to uniaxial tensile loading (Hill, 1989; Kaliszky, 1989). In this case, the
slip-line field around the hole consists of a series of logarithmic spirals. Within the plastic
zone. the stresses acting across the plane of minimum cross section are
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0'11 2')3
~.. = -In(rlR)
(jo 3

(17)

and
r

(ju 2y'3
~ = ._(1 +lnrIR)
0'0 3

(18)
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where r is the radial distance measured from the center of the hole and x represents the
direction of loading. Figure 5 shows comparisons between these predictions and the ones
obtained from the FEM calculations for the square fiber array subject to uniaxial loading.
Good correlations are obtained for the two highest volume fractions. For the lowest volume
fraction, the two follow similar increasing trends with yjR, though the analytical results are
somewhat higher than the numerical ones. This discrepancy is due to the contact of the
matrix with the fiber along the equatorial plane and the resulting compressive stress acting
normal to the interface.

The solutions for the stress gradients can be used to modify the predicted limit stresses.
This is accomplished by multiplying the results in egns (II) and (15) by a numerical
coefficient, A, defined by the ratio of the average normal stress, fF, acting along the failure
plane perpendicular to the loading direction (obtained from the slip-line solution) to the
plane strain yield stress, (2fi/3)O'o. In general, A is given by

(19)

where ro is the limiting distance, taken as W for the square array, and either H or L for the
hexagonal array depending on the loading direction. A is obtained by substituting eqn (17)
into (19) along with the appropriate value of ro, and then combining the result with the
relationship between the cell dimensions and the fiber volume fraction (either eqns (3), (4)
or (14)). For the square array, the result is:

For the hexagonal array loaded normal to the CPD, it is

In(~) In(Pl})
A = -"R' = fJli'-'~'

1- ~ 2J~lL l~ ,~-

rr

and for the hexagonal array loaded parallel to the CPO, it is

I Jfi;
. n 2{
I.=~----

l-J2)3/
3rr

(20)

(21 )

(22)

Figures lOeb) and (c) show the predictions obtained from the modified versions of the
net-section yielding model (incorporating the stress gradients). The solutions are obtained
by multiplying the right side of eqn (15) by A in eqn (20), and multiplying the right side of
eqn (11) by Ain eqn (21). For the hexagonal array (Fig. lOeb)), the modified model predicts
a limit stress for plane A which is higher than that needed for yielding along plane B, in
accord with the FEM prediction that failure occurs on plane B. For the square array, the
modified model yields predictions for yielding along plane E that are in excellent agreement
with the FEM results for volume fractions at which failure does indeed occur along E
(f = 0.35 and 0.5); fort = 0.25, it predicts a limit stress for E that exceeds that for planes



2838 Z.-Z. Du and F. W. Zok

D or F and thus correctly predicts the transition in the failure planes as the fiber volume
fraction is reduced.

4.2. Biaxialloading
The net-section yielding model has been extended to calculate the limiting yield surface

of the composite under biaxial tensile loading. For this purpose, two stress parameters are
introduced: a mean stress, an" and a deviatoric stress, .1.a, defined by

(23)

and

(24)

where au and a VY are the stresses applied along the directions indicated in Fig. I. These
parameters have been used previously by others to describe the yield surfaces for porous
materials (Akisanya and Cocks, 1995; Sofronis and McMeeking, 1992). The combinations
of .1.a and am that lead to plastic collapse are calculated using the approach outlined above.
Notably, the potential critical planes are identified, the average normal and shear stresses
acting along each of these planes are evaluated and the stresses then combined with the
Mises yield criterion. For planes oriented normal to either the x- or y-directions, the factor,
Ie, is also incorporated. (It can be shown readily that the stress gradients that occur around
a cylindrical hole under uniform biaxial tension are identical to the ones described by eqns
(17) and (18) for uniaxial tension, with ayy replaced by the hoop stress, aor), and (Jxx replaced
by the radial stress, arr- Consequently). is expected to be independent of the imposed stress
state.) The limit surface is obtained from the inner envelope of the yield surfaces calculated
for all planes.

For the square fiber array, yielding can occur on planes D, E or F (Fig. I (d)). The
normal and shear stresses on plane E are

and

(Ju - (J", .1.(J
rE=~~' ""=

2(I-j2jln) (l-J2f/n)

and the corresponding yield condition is

(
(J)2 (2.1.(J)2 4.--'" + ~- = -(1-2ffi)2
(In (In 3

Planes D and F are subjected only to normal stresses, given by

and

The yield conditions are

(25)

(26)

(27)

(28)

(29)
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~n: + I:!(J = ± ~f }'[l - 2ffi] (Plane D)
ern (Jo .J

(30)

and

2 !3
± TA[1 - 2ffi] (Plane F) (31)

Equations (27), (30) and (31) are plotted in Fig. 11 (a) for a fiber volume fraction,! = 0.35.
The inner surface along which yielding is predicted to occur is indicated by the shading.
The FEM results are also shown in this figure.

Since the model neglects the contributions from the fibers, it is expected to be valid
only when both (In and er)'l are positive. This condition can be written in terms of the two
stress parameters as

(32)

This result is plotted on Fig. 11 as two dotted lines. Within this regime, yield occurs on
planes D or F, depending on whether I:!er is negative or positive; the stresses required for
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Fig. II. Limiting yield surfaces for composites with f = 0.35: (a) square and (b) hexagonal fiber

arrays.
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yielding on plane E are always higher and thus are not attained. Yielding on plane E is
predicted to occur when

(33)

Despite the fact that this range is outside of the one defined by eqn (32), the predictions
remain in good agreement with the FEM results, suggesting that the model is accurate even
when one of the stress components is somewhat negative. It should be noted also that,
because of the symmetry of the unit cell, the yield surface is symmetric about the line
~a=O.

As noted earlier, the yield surface becomes insensitive to am when am/ao « O. In this
limit, the yield surface is expected to be essentially the same as that of a well-bonded fiber
composite neglecting the differences associated with sliding vs non-sliding interfaces. Yield
is then predicted to occur when 12~al reaches the plane strain flow stress of the matrix,
(2/~3)ao, such that

I~:I = 1/)3 = 0.577 (34)

Following the same approach, the limit surfaces for the hexagonal fiber arrays have
been obtained. The relevant results are

for plane A;

for plane B; and

a ~a 2 /3 J (;
~ + - = ±~3 A(1- 2y' 3f/n)
ao a o

(
a ~a )2 (~a)2 4 J~ ----. +3 - = -(1- 2)3!!n) 2

ao 2ao ao 3

am ~a 2J3, J r
- - - = ± -3-),(1- 2j!~3n)
a o ao

(35)

(36)

(37)

for plane C.
The yield surfaces for f = 0.35 are plotted in Fig. 11 (b), along with the FEM results

and the lines defined by eqn (32). For this fiber array, the axes that define the symmetry of
the cell are different from those defining the principal stresses; consequently, the yield
surfaces are not symmetric about ~a = O. The analytical results predict failure along plane
B for most stress combinations, the exception being the region in the top right corner of
the yield surface where failure occurs along plane A. The agreement between the analytical
and numerical results is good for cases where ~a/(Jo is not zero. When it is zero (i.e. uniform
biaxial tension), the analytical result for yielding along plane B is ~ 20% less than the
numerical one. This discrepancy arises because, under uniform biaxial loading, stress
gradients develop along plane B; indeed, in this limit, they are identical to those along
plane A. As a result, the limit stress is underestimated. The more relevant result in this limit
is the one for yielding along plane A, incorporating the effects of stress gradients. In this
case, the analytical result is essentially identical to the numerical one. In its present form,
the net-section yielding model does not take into account changes in stress gradients with
stress state: the gradients are either neglected altogether (as they should for yielding along
inclined planes under near-uniaxial loading) or are included for all stress states (for planes
oriented normal to the principal loading directions). The shear stresses acting along the
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inclined planes effectively eliminate the stress gradients. However, under uniform biaxial
loading, these shear stresses vanish and the stress gradients become important.

The effects of fiber volume fraction on the yield surfaces for both types of fiber arrays
are shown in Fig. 12. In these cases, only the inner yield surfaces from the analytical
solutions are shown. The yield surfaces for the various volume fractions nest inside one
another, expanding as f decreases. In the limit off ~ 0, the yield surface approaches that
of a monolithic metal under plane strain conditions. It should be emphasized that the
accuracy of the yield surfaces that lie outside the range -(Tm ,;:;; (T';:;; (Trn may be questionable
in some cases. Furthermore, for the hexagonal arrays, the predictions along 11(T!(To ~ 0 are
expected to be lower bounds to the actual limiting stresses.

5. CONCLUDING REMARKS

The limit stresses for biaxial loading of weakly-bonded unidirectional fiber composites
have been evaluated and used to construct limit surfaces in an appropriate stress space.
The limit stresses depend somewhat on the fiber array as well as the directions of loading
but are insensitive to the fiber modulus. The limiting conditions are obtained when plastic
failure occurs along the most favorably oriented plane within the matrix. Transitions in the
failure plane can occur with changes in the fiber volume fraction or imposed stress state.
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Such effects can be accurately described through the use of a net-section yielding model,
incorporating the stress gradients that occur along planes oriented perpendicular to the
principal loading directions. The attractive features of the net-section yielding model include
its simplicity as well as the potential for extending it to other situations, including other fiber
volume fractions and fiber arrangements, without recourse to the numerical calculations.
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